Numerical solution of dynamic optimization problems using

systematic transformations of
potentially optimal control structures

Maciej Szymkat

Oprogramowanie Naukowo-Techniczne, Krakdéw, Poland

E
Selected slides from the plenary presentation at

19th IFAC Workshop on Control Applications of Optimisation CAO’25, December 11, 2025, Krakdéw, Poland




Symmetric periodic trajectories of double pendulum model
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The idea of DP Explorer is to provide a visual environment
for analyzing symmetric periodic trajectories of a double
pendulum system. The phase space is 4-dimensional,
the total energy of the system in the non-actuated case is
conserved, so the trajectories lie on some 3-dimensional
hypersurface. The first goal was to find the initial points
to which the trajectories return after a finite time.

It turns out that due to the spatio-temporal symmetry of
the dynamical system describing the double pendulum,
the computational complexity could be significantly
reduced. The main observation is that all symmetric
periodic trajectories are composed of two halves mirroring
each other, with exactly two junction points belonging to
two, not necessarily different, of four one-dimensional
elliptic sets called anchors.
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Geometry of simple planar double pendulum
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Euler-Lagrange formulation

Potential energy V = —Mgly cos ay — magla cos(a + f3)
M =mq1 + mo
g denotes gravity of the Earth
. . 1 2 2 ]. 2 2
Kinetic energy T = §M31w1 + §m212(w1 + v)* 4+ malila(wi + ) cos B
Energy preservation FEtor =V + 1 = const
d OL oL 0
Euler-Lagrange equations dt 0wy dar
) d oL 0L
_ — 0
dt 0y 0p

L =T —V is the Lagrangian



State space equation (hon-actuated case)

State equation

where
_ Ml mals cos(ae — o)
= [ll cos(ag — ) lo ]
bla,w) = by (0, w)| _ _m2l2w§ sin(ag — ay) — Mgsinay
0 be(a,w)| lhw? sin(ag — ap) — gsinas

Ala) (e, w) =

1 [ (b1 (a,w) — ma cos(aa — aq )ba(a, w, 1))/l ]
M — mo cos?(ag — aq) [(—cos(ag — )by (o, w,u) + Mba(a,w,u))/ls

The property
fla,w) = —f(—a,—w)

implies a specific space and time reversal symmetry of the related dynamic flow.



Symmetric periodic solutions - anchor sets
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Symmetric periodic solutions - extremal points
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Extremal points on a trajectory. (a1(t), aa(t),wi(t),w2(t)) e

are the points for which sin 3(t) = 0.

If there exists an integer k such that \_e// S [
6-\——/

B(t) = as(t) — ay(t) = 2km they are of outer type, or if

inner
B(t) = ao(t) — oy (t) = 2km + 7, they are of inner type. |
On a symmetric periodic trajectory, extremal points form Q
repeating sequences. 0

The color axis in the planar trajectory
plots represents v, with the change
from negative to positive values being
reflected by the transition from dark
blue to light yellow.



Symmetric periodic solutions - extremal points plot settings

Only points from the first halves of symmetric periodic trajectories are visualized on the
extremal points plot. The number and color of points plotted depends on current settings.
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Symmetric periodic solutions - extremal points plot settings

Left-hand side definition Settings
Extremal points selection
Initial
[ ] Final
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Settings
Right-hand side definition Extremal points selection
[ ] Initial
Middle
Final
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Symmetric periodic solutions - symmetry folding
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Only the points with non-negative y are plotted. They are
taken from the original and the time-reversed half-trajectory.
The combined plot of the remaining points may be obtained
using a central symmetry transformation.
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Symmetric periodic trajectory — Example 1
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Symmetric periodic trajectory — Example 1
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DP Explorer v. 1.0

Symmetric periodic trajectories of double pendulum model
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4252 points on 2126 trajectories plotted
Click to select a trajectory point

Change tab to access current settings

[Plot previous] [Plot] [ Plot next ] [Clear]

Colors reflect the horizontal velocity

Selected trajectory
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Trajectory list

Trajectory:number: 305 Insert to list

Number of extremal points:
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Clear list
Delete first

List

v

Numbers of traiectories
305 351 363 383 411

453 468 480 502 506 532
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Sensitivity to initial conditions perturbations — Example 1

W1

Plot of extremal points, in the interval[0, 1006, ],
on trajectories originating from

(@, v, w; (Bror, @), vy)) where vy, are
200 equally spaced points form the interval

[0 (0)—12.5,v(0)+2.5], w; isthe smaller
root of the corresponding quadratic equation.

The trajectory lies in the regular, periodic
(periodic/quasi-periodic) region.



Symmetric periodic trajectory — Example 2
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Symmetric periodic trajectory — Example 2
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DP Explorer v. 1.0 _ o X

Symmetric periodic trajectories of double pendulum model
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Sensitivity to initial conditions perturbations — Example 2

Plot of extremal points, in the interval [0, 362],
on 1000 trajectories originating from
(&™), vk, Wi (Bior, P vy)) , where vy, are
1000 equally spaced points from the interval
w(0) — 0.01,v(0) + 0.05], w; is the larger
root of the corresponding quadratic equation.

Trajectory is highly unstable, lies in a vicinity of a
chaotic region of fractal shape boundaries.



DP Explorerv. 1.0

Symmetric periodic trajectories of double pendulum model
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51594 points on 1765 trajectories plotted
Click to select a trajectory point

Change tab to access current settings

[Plot previous] [Plot] [ Plot next ] [Clear]

Y ] [ X ] [ y ] Colors reflect the horizontal velocity

Selected trajectory
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Trajectory:number: 2111 Insert to list
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