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The idea of DP Explorer is to provide a visual environment
for analyzing symmetric periodic trajectories of a double 
pendulum system. The phase space is 4-dimensional,
the total energy of the system in the non-actuated case is
conserved, so the trajectories lie on some 3-dimensional
hypersurface. The first goal was to find the initial points 
to which the trajectories return after a finite time. 
It turns out that due to the spatio-temporal symmetry of 
the dynamical system describing the double pendulum,
the computational complexity could be significantly 
reduced. The main observation is that all symmetric 
periodic trajectories are composed of two halves mirroring
each other, with exactly two junction points belonging to 
two, not necessarily different, of four one-dimensional 
elliptic sets called anchors.  



Geometry of simple planar double pendulum



Euler-Lagrange formulation



State space equation (non-actuated case)



Symmetric periodic solutions  - anchor sets
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Symmetric periodic solutions  - extremal points

Extremal points on a trajectory. 

If there exists an integer       such that   

they are of outer type, or if

, they are of inner type.

On a symmetric periodic trajectory, extremal points form

repeating sequences.
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The color axis in the planar trajectory 
plots represents    , with the change 
from negative to positive values being
reflected by the transition from dark 
blue to light yellow.



Symmetric periodic solutions  - extremal points plot settings
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Only points from the first halves of symmetric periodic trajectories are visualized on the 
extremal points plot. The number and color of points plotted depends on current settings.

trajectory period

Two-side definition



Symmetric periodic solutions  - extremal points plot settings

Left-hand side definition

Right-hand side definition



Symmetric periodic solutions  - symmetry folding

Time reversal

Only the points with non-negative γ are plotted. They are 
taken from the original and the time-reversed half-trajectory. 
The combined plot of the remaining points may be obtained 
using a central symmetry transformation.



Symmetric periodic trajectory – Example 1
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Symmetric periodic trajectory – Example 1
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Sensitivity to initial conditions perturbations – Example 1

Plot of extremal points, in the interval                      ,
on trajectories originating from 
                                                                   , where         are 
200 equally spaced points form the interval
                                                     ,          is the smaller
root of the corresponding quadratic equation.                                                    

The trajectory lies in the regular, periodic 
(periodic/quasi-periodic) region.



Symmetric periodic trajectory – Example 2
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Symmetric periodic trajectory – Example 2
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Sensitivity to initial conditions perturbations – Example 2

Plot of extremal points, in the interval                ,
on 1000 trajectories originating from 
                                                              ,  , where         are 
1000 equally spaced points from the interval
                                                     ,    ,         is the larger
root of the corresponding quadratic equation.                                                    

Trajectory is highly unstable, lies in a vicinity of a 
chaotic region of fractal shape boundaries.
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